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$[3, 4, 5]_{\text{ }}$ 2 [6]
$H=$ -IS $+V$ on $L^{2}(\mathrm{R}^{d})$ .
$I$ (CR) $H$ $P_{I}$ (H)
$N_{I}(H)=\dim$ Ran $P_{I}(H)$
,. $H$ $N_{(-\infty,0)}$ (H)
$N_{(-\infty,0)}$ (H) 2
Birman, Schwinger
Theorem 1 (Birman-Schwinger bound) $d=3\emptyset \text{ }$ l.




$oof$. min-max principle $V=-W\leq 0$ $V\in C_{0}(\mathrm{R}^{3})$
$V\in C_{0}(\mathrm{R}^{3})$ (1) $||V||_{R}^{2}<\infty$
$V$ $\{V_{n}\}\subset C_{0}$ (R3) $||V-V_{n}||_{R}arrow 0$
$\triangle+V_{n}arrow-\triangle+V$
$E<0$




$H_{\lambda}:=-\triangle-\lambda W,$ $\lambda$ >0 $H_{\lambda}$ $E$ (\lambda ) $\lambda$
$E<0$
$N_{(-\infty,E]}(-\triangle+V)=\#$ { $\lambda\in(0,1]$ : $E$ is an eigenvalue of $H_{\lambda}$ }. (2)
$\ovalbox{\tt\small REJECT}$ $E$ $\varphi$
$\psi=\sqrt{W}\varphi$ $K_{E}=\sqrt{W}(-\triangle-E)^{-1}\sqrt{W}$ $\frac{1}{\lambda}$ $\psi$




$K_{E}$ $E\uparrow 0$ (1)
$\square$
$d\neq 3$ $d\leq 2$ $E\uparrow 0$
$K_{E}$ $d\geq 4$ $||V||_{R}=\infty$
(1) Lieb-Thirring inequality
$\sum_{j}|$ eA$\gamma\leq L_{\gamma,d}7d|$V-(x) $|^{\frac{d}{2}+\gamma}$d$x$ . $(4)$
$\{e_{j}\}_{j}$ $\triangle+V$ $\gamma\geq\frac{1}{2}(d=1),$ $\gamma>0(d=2)$ ,
$\gamma\geq 0(d=3)$ (4) $L_{\gamma,d}$ phase
space volume $L_{\gamma,d}^{d}$
(1) $||V||_{R}^{2}$ $|V|$ $|V|^{2}$
$V\in C_{0}$ (Rd) Weyl 2





1 [2, Theorem 1244]
2 [3, Theorem $\mathrm{V}\mathrm{I}\mathrm{I}\mathrm{I}.79$]. $\tau_{d}$ $d$
Theorem 2 ($\mathrm{C}\mathrm{w}\mathrm{i}\mathrm{k}\mathrm{e}\mathrm{l}-\mathrm{L}\mathrm{i}\mathrm{e}\mathrm{t}\succ \mathrm{R}\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{b}\mathrm{l}\mathrm{j}\mathrm{u}\mathrm{m}$ bound) $d\geq 3$ $g\ovalbox{\tt\small REJECT}$
Cd<\otimes ’ $\succ\backslash f$ ]$\backslash ^{\backslash }ff$ \supset





(6) $d\leq 2$ $(4\pi t)^{-\frac{d}{2}}$
$\mathrm{t}>>1$ ([3, Theorem XIII.12])
(6) $d\geq 3$ $V_{-}\in L^{\frac{d}{2}}$ (Rd)
$V$ $\mathrm{e}\mathrm{l}\mathrm{y}$ (5) $[$3, Theoaem $\mathrm{V}\mathrm{I}\mathrm{I}\mathrm{I}.80]_{0}$ $d=1,2$
(6) [3, Theorem
VII.II]
Theorem 3 $d=1,2$f $V\in C_{0}$ (Rd), $V\leq 0$ \lambda >0’
$N_{(-\infty,0)}(-\triangle+\lambda V)\geq 1$ .
(3) Birman-8hwinger kernel ( $K_{E}$ )
$\lim_{E\uparrow 0}||K_{E}||_{op}=\infty$
Proof. (3) $\lambda>0$ $E<0$ $N_{[\frac{1}{\lambda},\infty)}(K_{E})\geq 1$
$K_{E}$ pcsitive compact $\lambda>0$
$E<0$ $||K_{E}||_{op} \geq\frac{1}{\lambda}$
$\mathrm{h}.\mathrm{m}_{E\uparrow 0}||K_{E}||_{\varphi}=-$ $\eta\in C_{0}(\mathrm{R}^{d})$ $\sqrt{W}\eta\neq 0,$ $\sqrt{W}\eta\geq 0$
$\sqrt{W}\eta$ (p) $p=0$ 0
$<\eta$ , $K_{E}\eta>=<\sqrt{W}\eta,$ $(- \triangle-E)^{-1\sqrt{W}}\eta>=\int_{\mathrm{R}^{d}}\frac{|(\sqrt{W}\eta)(p)|^{2}}{p^{2}-E}dparrow\infty E\uparrow 0$
. $\lim_{E\uparrow 0}||K_{E}||_{op}=\infty$ . $\square$
$d=1,2$ $Earrow 0$ Birman-8h nger
kemel $d=2$ Stoiciu [6]
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Theorem 4 $d=2$
$N_{(-\infty,0)}(H) \leq 1+\int_{\mathrm{R}^{2}}\int_{\mathrm{R}^{2}}|V(x)||V$(y)||C1 $\log|x-y|+C_{2}|^{2}dxdy$ . (7)
$C_{1}=- \frac{1}{2\pi}\prime C_{2}=\mathrm{p}1\mathrm{g}2\infty 2\pi-$ , $\gamma lJ$
(1) (7) $V$ $-\triangle+V$
2
$\sigma_{ess}(-\triangle+V)=[0, \infty)$ (7) (3) $N_{(-\infty,0)}$ (H)
Birman-Schwinger kemel $\log\sqrt{-E}$
1
$oof$. (1) $V=-W\leq 0,$ $W\in C_{0}$ (R2)
$E<0$ $(-\triangle-E)^{-1}$ 2
$K_{0}$
$(- \triangle-E)^{-1}(x, y)=\frac{1}{2\pi}K_{0}(\sqrt{-E}|x-y|)$ .
$K_{0}$ $\log x$
$K_{0}(x)=-I0(x)\log x+h(x)$ .
$I_{0}(x)$ 1 $h$ $I_{0}(0)=1$ ,
$h(0)=\log 2-\gamma$ . $\varphi\in C_{0}^{\infty}(\mathrm{R}^{2})$ $\varphi(x)=1(|x|\leq 1),$ $=0(|x|\geq 2)$ ,
$0\leq\varphi(x)\leq 1$
$f(x)=- \frac{1}{2\pi}I_{0}(x)\varphi(x)$ , $g(x)=K_{0}(x)-f$ (x) $\log x$
$f,$ $g$ $f(0)=- \frac{1}{2\pi}=C_{1},$ $g(0)=A1\circ 2-\vec{2\pi}=C2.$
$K_{E}$ 2
$K_{E}(x, y)=A_{E}(x, y)+B_{E}(x, y)$
$A_{E}(x, y)=\sqrt{W(x)}\{(f(\sqrt{-E}|x-y|)-C_{1})\log(\sqrt{-E}|x-y|)+C_{1}\log|x-y|$







$f,$ $g$ $W$ $E\uparrow 0$
(7) $\square$
(7) (5)
Khuri, Martin, Wu [1]
$N(- \infty,0)(-\triangle+V)\leq 1+C_{1}\int_{\mathrm{R}^{2}}|$V $|^{*}(x)$ $( \log\frac{|x_{0}|}{|x|})_{+}dx$
$+C2$ $\int_{\mathrm{R}^{2}}V_{-}(x)(\log\frac{|x_{0}|}{|x|})_{+}dx+C_{3}\int_{\mathrm{R}^{2}}|V_{-}(x)$ $|$dx.
. $x_{0}\neq \mathit{0}$ , lVl*t $V$ $\Psi \mathrm{m}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}$ doereasing rearrangement
(6)
Theorem 5 $V\in L^{2}$ (R2)’)) $V_{-}(1+(\log V_{-})1_{\{V_{-}(x)\geq 1\}})\in L^{1}$ (R2) &.
$E<0$ ’ \succ \check $b$
$N(- \infty,E](-\triangle+V)\leq\frac{1}{4\pi}]_{\mathrm{R}^{2}}dxW(x)\{\frac{C_{1}}{|E|}+C2$ $(\log W(x)1\{W(x)\geq 1\}+1)\}$
$W=V_{-},$ $C_{1}=1,$ $C_{2}=1+e^{-2}$
Proof. (1) $V\leq 0,$ $V\in C_{0}$ (R2)
[3, Theorem $\mathrm{X}\mathrm{I}\mathrm{I}.12$ ]
$N_{(-\infty,E]}(- \triangle+V)\leq\frac{1}{4\pi}/\mathrm{R}_{2}dx\int_{0}^{\infty}dt\frac{e^{Et}}{t^{2}}\varphi(tW(x))$







$W(x)=0$ $F(x)=0$ $W(x)>0$ $x$
$s=tW$(x)
$F(x)=W(x) \int_{0}^{\infty}ds\frac{1}{s^{2}}e^{\frac{E}{W(x\rangle}s}\varphi(s)=W$ (x)$G(x)$ , (9)
$G(x)= \int_{0}^{\infty}ds\frac{1}{s^{2}}$ e E(\sigma s\mbox{\boldmath $\varphi$}(s).
$G$ (x) $A>0$ 2




$C_{1}= \sup_{u\in\langle 0,\infty)}\frac{\varphi(u)}{u^{2}}<\infty$ , $C_{2}=$ $\sup$
$\underline{\varphi(u)}<\infty$
$u\in$ (O, $\infty$ ) $u$








$\int_{Wxx}^{\infty}E\frac{du}{u}e^{-u}=A[\log ue^{-u}]_{Wx}^{\infty}+\int_{|E|}^{\infty}\neg^{|E|}7^{A}W\neg x7^{A}\log ue^{-u}du$
$=- \log\frac{|E|A}{W(x)}e^{-[perp]+A}WEx+\int_{\mathrm{W}^{|E\llcorner}x)^{A}}^{\infty}\log ue^{-u}du$ .
75
2 $\int^{\infty}\star_{Wx)^{A}}^{E\llcorner}\log ue^{-u}du\leq\int_{1}^{\infty}1$ogu $e^{-u}du\leq 1$
$\int_{\ovalbox{\tt\small REJECT}_{x}^{E}A}^{\infty}\frac{du}{u}e^{-u}\leq-\log\frac{|E|A}{W(x)}e^{-\ovalbox{\tt\small REJECT}_{x}^{E}A}+1$ . (12)
(11), (12) (10)
$G(x) \leq C_{1}A+C_{2}(-\log\frac{|E|A}{W(x)}e^{-\#^{E}\star A}x+1)$
(9), (8)
$N_{(-\infty,E]}(- \triangle+V)\leq\frac{1}{4\pi}\int_{\mathrm{R}^{2}}W(71)\{C_{1}A+C_{2}(-1\mathrm{o}$ g $\frac{|E|A}{W(x)}e^{-*_{x}^{E}A}+1)\}$ .
$A=|E|^{-1}$ $\log W$ (x) $e^{-_{\overline{W(x)}}}-\leq\log W$(x)1{W $(x)\geq 1$ } [
$\square$
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